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Abstract—The widespread presence of contingent generation,
when coupled with the resulting volatility of the chronological
net-load (i.e., the difference between stochastic generation and
uncertain load) in today’s modern electricity markets, engender
the significant operational risks of an uncertain sufficiency of
flexible energy capacity. In this article, we address several op-
erational flexibility concerns that originate from the increase in
generation variability captured within a security-constrained unit
commitment (SCUC) formulation in smart grids. To quantitatively
assess the power grid operational flexibility capacity, we first in-
troduce two reference operation strategies based on a two-stage
robust SCUC, one through a fixed and the other via an adjustable
uncertainty set, for which the state-of-the-art techniques may
not be always feasible, efficient, and practical. To address these
concerns and to account for the effects of the uncertainty cost
resulting from dispatch limitations of flexible resources, a new
framework centered on the adjustable penetration of stochastic
generation is proposed. Our hypothesis is that if the SCUC is
scheduled with an appropriate dispatch level of stochastic gen-
eration, the system uncertainty cost will decrease, and subse-
quently, the system’s ability to accommodate additional uncer-
tainty will improve. Numerical simulations on a modified IEEE
73-bus test system verify the efficiency of the suggested assessment
techniques.

Index Terms—Adjustable penetration, operational flexibility,
optimal uncertainty set, stochastic generation, wind power.

NOMENCLATURE

A. Indices

i Index for generating units.
k Index for wind farms.
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l Index for transmission lines.
m Index for load points.
t Index for time periods.

B. Variables

bkt Binary variables indicating the worst variation of
wind farm k in time period t.

ub
it Binary variable indicating whether generating

unit i starts up in time period t in the base-case
scenario.

vbit Binary variable indicating whether generating
unit i shuts down in time period t in the base-case
scenario.

xb
it Binary variable indicating on/off status of gen-

erating unit i in time period t in the base-case
scenario.

pbit,p
u
it Production of generating unit i in time period

t in the base-case scenario and in response to
uncertainties, respectively.

qkt Degeneration coefficient of wind farm k in time
period t.

wkt Power output of wind farm k in time period t.
wLB

kt , w
UB
kt Lower and upper bounds for allowable wind gen-

eration interval of wind farm k in time period t,
respectively.

skt, lmt Curtailment of load m and generation of wind
farm k in time period t.

ωkt Dispatched power of wind farm k in time period
t in ex-ante manner.

C. Parameters

wkt Forecasted output of wind farm k in time
period t.

wmin
kt , wmax

kt Lower and upper bounds of the predicted wind
generation interval of wind farm k in time period
t, respectively.

H
[.]
l Generation shift distribution factor of generating

unit i, wind farm k, and load m corresponding to
transmission line l.

Fmax
l Maximum capacity of transmission line l.

γl Short-term rating factor of transmission line l.
dmt Demand at load point m in time period t.
cui ,cdi Start-up ad shut-down costs of generating unit i,

respectively.
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cpi ,cri Production and reserve cost of generating unit i,
respectively.

cwk ,clm Cost coefficients of spillage for wind farm k and
load shedding of load point m, respectively.

sct, lct Cost coefficients of wind spillage and load shed-
ding in time period t, respectively.

Pmin
i , Pmax

i Minimum and Maximum output power of gener-
ating unit i in time period t, respectively.

RUP
i ,RDN

i Up/down corrective action limits of generating
unit i, respectively.

RDi,RUi Downward and upward ramping capability of
generating unit i, respectively.

T Number of time periods.

I. INTRODUCTION

THE deployment of renewable energy sources (RESs) has
been observed to be significantly on the rise worldwide.

This development is fueled by the strengthening and expansion
of policies aimed at the reduction of greenhouse gas emissions.
These policies are expected to ensure and even expedite a
sustainable growth in the penetration of RESs in the electric
industry. To quantify this, 37 states in the U.S. have imple-
mented renewable portfolio standards. These standards mandate
electricity producers or utilities to generate between 10% and
33% of their outputs from a renewable resource. Likewise, the
European Union has legislated policies to achieve the targets
of 20% renewable energy penetration by 2020 [1], [2]. It is
well established that these renewable resources (mainly wind
and solar) are highly intermittent leading to supply variabil-
ities. This variability in the net load—forecasted electricity
demand minus stochastic generation—will contribute to new
operational challenges in bulk power grids, such as operation
limit violations, frequent startups and shutdowns of dispatchable
generating units, reduction in available lead time, and increased
ramping and reserve requirements [3]. These intensified opera-
tional challenges can be ameliorated through improvements in
system flexibility.

Advanced and effective flexibility metrics, if derived meticu-
lously, can assess the system’s ability in deploying its resources
to respond to a range of uncertain conditions. It can, in turn, help
the power system planners to decide on generation regulatory
policies to better tackle the operational flexibility challenges in
modern power grids. The notion of flexibility and its metrics
requires the crucial aspects of system operation to be taken
into account [4]. Assessing the net-load stochasticity and the
corresponding flexibility measurements can be modeled either
explicitly or implicitly. In the explicit model, the system net-load
is quantified such that the flexibility requirements are embed-
ded in the optimization models through a reserve constraint
[5]–[7]. In an attempt to thoroughly address the intrahourly
spectrum of flexibility requirements, the flexibility envelope
in [8], the flying brick in [9], and the probability box in [10]
were suggested, among the others, which could capture both
the reserve ramping and capacity requirements. In the implicit
model, however, the net-load uncertainties are integrated into
the optimization model to be solved via stochastic or robust

optimization (RO) techniques, where reserve requirements are
accounted for through satisfaction of the power balance con-
straint under uncertain conditions [11], [12]. In such stochastic
models, an economic strategy over a set of generated scenarios of
uncertain parameters, or the worst-case scenario in the RO mod-
els, is the outcome [13]–[15]. With a few number of scenarios,
RO models are computationally more tractable and immunized
against all uncertainty realizations [16]–[18]. Several two-stage
RO frameworks have been proposed in [19]–[24] to characterize
and quantify the system flexibility in the worst possible scenario
within the uncertainty set.

A system flexibility metric in the operational time frame
can be achieved based on the RO or stochastic programming
techniques. In the RO-based assessments, the system flexibility
is characterized irrespective of the probability distribution of un-
certainties while maintaining the stochastic nature of renewable
resources. In such models, the metrics are calculated based on
the set boundaries of uncertainties. In other words, these metrics
answer the question of “how much capacity should a system have
to cope with the uncertainties?” The RO-driven deterministic
metrics of system flexibility, in terms of do-not-exceed limits,
are formulated in [21] and [22] to assess the largest uncertainty
interval that a power system can accommodate. In probabilistic
assessments, however, the system’s ability to satisfy a predeter-
mined reliability criterion is probabilistically measured in [19]
through a lack of ramp probability index in which sufficient ramp
delivery in a real-time electricity market is ensured. In [20], the
probabilistic nature of contingencies and deterministic nature
of wind generation are modeled to recognize the insufficient
flexibility.

As RO-based metrics are more intuitive and preferable for
the decision makers in system problems where the exact distri-
bution of uncertainties is unknown, our proposed approach to
tractably quantify the power grid flexibility is centered on the
RO-based metrics. The system operational flexibility should be
represented in the unit commitment (UC) problem that captures
the chronological characteristics of the net-load. Hence, discrete
commitment decisions and temporal load and renewable varia-
tions can be modeled in the UC time scale, thereby enabling cap-
turing the key operational flexibility requirements, e.g., binary
commitment decisions, minimum up/down time, and ramping
constraints. An approach to assess the grid operational flexibility
irrespective of the probability distribution of the uncertainties in
the UC time scale is to frame the decision variables based on the
boundaries of the uncertainty set in the security-constrained unit
commitment (SCUC) formulation. In this case, the maximum
uncertainty interval that a system can accommodate can be quan-
tified such that the worst security violation in response to uncer-
tainties would be zero [23]. In [23] and [24], a two-stage robust
SCUC with variable uncertainty set boundaries—exploited as
the dispatch signals for wind farms—is formulated for the oper-
ational flexibility assessment where the risk of wind curtailment
and load shedding are cooptimized with the generation dispatch
cost.

While a number of metrics have been proposed to account for
the different aspects of grid flexibility, the focus in the state-of-
the-art research has been primarily on the existence of feasible
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Fig. 1. General procedure for operational flexibility assessment based on the two-stage RO model and the vertex position method.

operation schedules, ignoring the impacts and contributions of
redispatch costs, wind spillage costs, and load shedding costs
collectively referred to as the uncertainty cost. In this article,
we propose a new and efficient operating strategy to assess the
grid operational flexibility capacity that captures the system un-
certainties via dynamic adjustment of the stochastic producers’
generation portfolio. Contrary to the traditional mindset on dis-
patching the stochastic producers always at the mean production,
our hypothesis is to adjust their penetration dynamically with
respect to the system’s flexible capacity to yield an economically
attractive solution. The main contributions of this article are
summarized as follows.

1) Modeling Advancements: The proposed model provides
a mathematical foundation that ensures the optimality
robustness of redispatch actions against all deviations
from the base-case scenario and enables the quantita-
tive assessment of the flexible capacity availability and
sufficiency along with the maximum deviation from the
optimal economic points during uncertainty scenarios.

2) Operational Advancements: A novel and efficient oper-
ating strategy based on a two-stage RO formulation is
proposed that can best handle the uncertainty and vari-
ability of the net-load in SCUC. Through an adjustable
generation portfolio of stochastic producers, the system
is promised to be immunized against the risk of security
violations.

The rest of this article is structured as follows. In Section II,
we introduce two existing flexibility assessment models based
on the SCUC formulations. The proposed model centered on
adjustable stochastic production considering the robustness of
redispatch scenarios is presented in Section III. The solution
technique to solve the proposed optimization model is intro-
duced and discussed in detail in Section IV. Numerical sim-
ulations are conducted in Section V and, finally, Section VI
concludes the article.

II. FLEXIBILITY ASSESSMENT IN SCUC: STATE-OF-THE-ART

In this section, we introduce state-of-the-art two-stage RO
models based on the vertex position approach that enable an
independent system operator to assess the power grid’s flexibility
capacity to economically respond to adjustable [23], [24] and
fixed uncertainty sets corresponding to stochastic generation
[16], [17]. The general procedure to assess the operational flexi-
bility based on the two-stage robust SCUC model and the vertex
position approach is demonstrated in Fig. 1. In the first stage,
the production of stochastic producers is optimally adjusted,
followed by a second stage in which the recourse (uncertainty)
cost—including the redispatch, wind spillage, and load shedding
costs—is minimized. In the following, assessment techniques of
the state-of-the-art strategies are explained in detail.

A. SCUC Model With Adjustable Uncertainty Interval

In the first assessment technique, the maximum uncertainty
region that a system can handle without any security violation
is found. In other words, the uncertainty set is considered as a
decision variable to realize an optimal uncertainty set while min-
imizing the system operation cost. In this strategy, the optimal
uncertainty interval is considered as a flexibility metric that can
be assessed through the following formulations:

min
P b,Xb,wUB,wLB

∑
t

∑
i

cpi p
b
it + cui u

b
it + cdi v

b
it

+
∑
t

∑
k

sct(w
max
kt − wUB

kt ) + lct(w
LB
kt − wmin

kt ) (1)

s.t. −xb
i(t−1) + xb

it − xb
iτ ≤ 0 ∀i ∀t ∀τ

∈ {t, . . . ,MUi + t− 1} (2a)

xb
i(t−1) − xb

it + xb
iτ ≤ 1 ∀i ∀t ∀τ ∈ {t, . . . ,MDi + t− 1}

(2b)
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−xb
i(t−1) + xb

it − ub
it ≤ 0 ∀i ∀t (2c)

xb
i(t−1) − xb

it − vbit ≤ 0 ∀i ∀t (2d)

xb
it, u

b
it, v

b
it ∈ {0, 1}, xb

i0 = 0 ∀i ∀t (2e)

Pmin
i xb

it ≤ pbit ≤ Pmax
i xb

it ∀i ∀t (2f)

pbit − pbi(t−1) ≤ xb
i(t−1)RUi + (1− xb

i(t−1))P
min
i ∀i ∀t (2g)

pbi(t−1) − pbit ≤ xb
itRDi + (1− xb

i(t−1))P
min
i ∀i ∀t (2h)

−Fmax
l ≤

∑
i∈Λ

Hi
l p

b
it +

∑
k∈κ

Hk
l ωkt −

∑
m∈M

Hm
l dmt

≤ Fmax
l ∀l ∀t (2i)∑

i

pbit +
∑
k

ωkt =
∑
m

dmt ∀t (2j)

0 ≤ ωkt ≤ wkt (2k)

w̄kt ≤ wUB
kt ≤ wmax

kt (2l)

wmin
kt ≤ wLB

kt ≤ w̄kt (2m)

Pmin
ib xb

it ≤ puit ≤ Pmax
ib xb

it [αL
it, α

U
it ] ∀i ∀t (3a)

puit − pbit ≤ RUP
i xb

it [ζit] ∀i ∀t (3b)

pbit − puit ≤ RDN
i xb

it [ξit] ∀i ∀t (3c)

−Fmax
l ≤

∑
i∈Λ

Hi
l p

u
it +

∑
k∈κ

Hk
l wkt

−
∑
m∈M

Hm
l dmt ≤ Fmax

l ∀l ∀t ∀wkt ∈ [wLB
kt , w

UB
kt ] (3d)

∑
i

puit +
∑
k

wkt =
∑
m

dmt ∀t ∀wkt ∈ [wLB
kt , w

UB
kt ]. (3e)

The objective function (1) minimizes the base-case operation
cost as well as the wind spillage and load shedding costs cor-
responding to the shrinking uncertainty set. The wind spillage
cost is considered if the wind power exceeds an upper bound.
Otherwise, load shedding cost is quantified. While a minimized
operation cost in the base-case condition leads to a narrower
uncertainty set, consideration of the wind spillage and load
shedding costs enlarges the set of wind production uncertainty.
A balance factor is adapted through the suggested penalty coeffi-
cients sct and lct. The optimal uncertainty set solution represents
a secure accommodation of wind power and can then be used as
the ex-ante dispatch signals for wind farms. Constraints (2a) and
(2b) enforces the generators’ minimum ON/OFF time; the start-up
and shut-down status of generators is presented in (2c)–(2e); the
capacity limits of generators are ensured in (2f); the ramping
constraints for generating units are enforced in (2g) and (2h);
transmission line capacity constraints are presented in (2i); the
system power balance is ensured in (2j); and the generation
limits of wind farms are set in (2k). At this first stage, the
decision variables wUB and wLB are determined. Constraints
(2l) and (2m) reflect the limitations on the boundaries for these
two variables. The uncertainty characterization is accomplished

in the second stage presented in (3a)–(3e). Constraint (3a) limits
the generation capacity and constraints (3b) and (3c) represents
the ramping capability of the generating units. Constraints (3d)
and (3e) ensure the power balance and the limits on transmission
line power flow under uncertain conditions. This second-stage
formulation will lead to a secure (i.e., feasible) schedule for
all wind power realizations in the variable uncertainty set. As
one can see, the load shedding and wind spillage actions due
to a shrunk feasible uncertainty set are implemented in the first
stage in an ex-ante manner such that the power balance and
transmission line limitations would be satisfied for all uncer-
tainty realizations.

B. SCUC Model With Fixed Uncertainty Interval

An adjustable uncertainty set may not always be feasible or
efficient, owing to the fact that imposing a lower boundary of
the optimal uncertainty set for wind generation as an operation
signal to wind farms may not be practical. Moreover, assessment
of the load shedding costs (the coefficient lct) in the first stage
may be challenging due to the unknown list of load priorities.
Hence, the second stage of the RO model is modified to have the
worst load shedding and wind spillage costs optimized and as-
sessed in an ex-post manner when dealing with the nonadjustable
uncertainty sets. The objective function in the first stage would,
hence, neglect the terms related to the shrunk uncertainty set.
Contrary to the adjustable uncertainty set strategies, the worst
security violation characterized in the second stage would have
a minimum nonzero value considered as a flexibility metric.

III. MATHEMATICAL FORMULATIONS FOR ADJUSTABLE

STOCHASTIC PRODUCTION

In some particular circumstances, the state-of-the-art ad-
justable and/or fixed uncertainty set techniques presented in
Section II may not be feasible, efficient, or practical. The former
technique based on the adjustable uncertainty set utilizes the
uncertainty set boundaries as the dispatch signals for the wind
farms. For any wind generation (uncertainty realization) out of
a characterized uncertainty set, certain wind spillage or load
shedding costs may occur that are not accounted for in the
second-stage optimization; hence, the load priorities in load
shedding decisions cannot be modeled. The latter utilizes the
fixed uncertainty set principles where the worst load shedding
and wind spillage costs are optimized in an ex-post manner,
resulting in an expensive solution. Different and complementary
to the state-of-the-art techniques, this article proposes a new
two-stage RO formulation to evaluate the operational flexibility
capacity of power grids through the effective adjustments of
stochastic productions. In the first stage, the production of
stochastic producers is optimally adjusted, followed by a second
stage in which the recourse (uncertainty) cost—including the
redispatch, wind spillage, and load shedding costs—is mini-
mized. Traditionally, wind farms are dispatched in their expected
production in the base-case scenario; we further relax this con-
straint where the uncertainty interval is managed by adjusting
the penetration level of stochastic producers. In the systems
with less penetration of stochastic producers, the variability and
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stochasticity in the net-load will decrease consequently and the
decrease in the production of stochastic producers will help the
system security. Without the loss of generality, it is assumed
in this article that the wind farms are the only source of grid
stochastic production. Therefore, the following robust SCUC
with an adjustable penetration rate of wind farms is suggested
to immunize the system against security violations in the face
of uncertainties

min
P b,Xb,Pu,WUB,WLB

∑
t

∑
i

cpi p
b
it + cui u

b
it + cdi v

b
it

+
∑
t

∑
k

sck((1− qkt)wkt)

+ max
W∈[WLB,WUB]

min
pu

∑
t

∑
i

cri p
u
it (4)

s.t. (2a)–(2h), (3a)–(3e)

−Fmax
l ≤

∑
i∈Λ

Hi
l p

b
it +

∑
k∈κ

Hk
l qktwkt

−
∑
m∈M

Hm
l dmt ≤ Fmax

l ∀l ∀t (5a)

∑
i

pbit +
∑
k

qktw̄kt =
∑
m

dmt ∀t (5b)

wUB
kt = qkt (w

max
kt − w̄kt) + qktw̄kt ∀k ∀t (5c)

wLB
kt = qktw̄kt − qkt

(
w̄kt − wmin

kt

) ∀k ∀t (5d)

0 ≤ qkt ≤ 1 ∀k ∀t. (5e)

The objective function in (4) minimizes the base-case system
operation cost and that corresponding to the production adjust-
ment of wind farms along with the worst redispatch costs under
uncertainty scenarios. Different from the state-of-art models, the
robustness of redispatch actions against all uncertainty realiza-
tions is also enforced in (4). Constraints (5a) and (5b) represent
the power balance and transmission limits in the base-case
scenario with respect to the adjustable production of wind farms.
In the proposed model, the original objective function (1) and
constraints (2i)–(2l) are replaced with objective function (4) and
constraints (5a)–(5e), respectively. Coefficient qkt adjusts the
penetration of wind farm k in time period t. By adjusting qkt, in
addition to the dispatched production of wind farms, the imposed
uncertainty interval to the system is also adjusted. Enforced in
(5e), qkt varies between one and zero. For the sake of simplicity,
the relationship between the wind generation penetration and
its imposed uncertainty to the system is considered linear as
indicated in (5c) and (5d).

IV. PROPOSED SOLUTION METHODOLOGY

In this section, two algorithms are suggested to solve the
proposed optimization model. The key challenge in solving the
proposed two-stage RO model lies in the second-stage (3a)–(3e)
where the number of constraints is extremely large due to the
arbitrary selection of wkt. The benders decomposition (BD)
and column and constraint generation (C&CG) methods can be

employed to replace the uncertainty set with the corresponding
finite vertices. This decomposes the original problem (2a)–(2h),
(3), (4), (5) into a master problem for the base-case condition
and security-check subproblems for the vertices. To investigate
the feasibility of (3d)–(3e) for all wkt values in the uncertainty
set, the following security-check subproblem (6), (7) is pro-
posed. The non-negative slack variables skt and lmt, defined
as wind spillage and load shedding, are applied to evaluate the
infeasibility degree of (3d)–(3e). Constraint (7a) describes the
uncertainty set for wkt and (7b) ensures that the slack variables
are non-negative. Constraints (7c) and (7d) represent the relaxed
network power flow and power balance limits.

max
wk,t

min
∑
t

∑
i

cri p
u
it +

∑
t

∑
k

cwk skt +
∑
t

∑
m

clmlmt (6)

s.t. (3a)–(3c)

wLB
kt ≤ wkt ≤ wUB

kt (7a)

lmt ≥ 0, skt ≥ 0 (7b)

−Fmax
l ≤

∑
i∈Λ

Hi
l p

u
it +

∑
k∈κ

Hk
l wkt −

∑
k∈κ

Hk
l skt

−
∑
m∈M

Hm
l dmt +

∑
m∈M

Hm
l lmt ≤ Fmax

l [μL
lt, μ

U
lt ] ∀l ∀t

(7c)∑
i

puit +
∑
k

wkt +
∑
m

lmt −
∑
k

skt =
∑
m

dmt[λt] ∀t.

(7d)

A. Solution Methodology for Feasibility Check

In order to reduce the bilevel equations (3a)–(3c), (6), (7) into
a monolithic one, the duality theory is applied here. Considering
wkt as a variable, its optimal solution is at the extreme points
of the uncertainty set. Therefore, the bilinear problem can be
linearized through the application of the big-M approach that
yields to a mixed-integer problem (MIP) as formulated in the
following:

Q = max
∑
t

∑
i

[
α
L(r)
it Pmin

ib xb∗
it − α

U(r)
it Pmax

ib xb∗
it

]

−
∑
t

∑
i

ζ
(r)
it

(
pb∗it +RUP

i xb∗
it

)

−
∑
t

∑
i∈Λ

ξ
(r)
it

(
RDN

i xb∗
it − pb∗it

)−∑
t

λ
(r)
t dtotalt

+
∑
t

∑
l

[(
μ
L(r)
lt −μ

U(r)
lt

) ∑
m∈M

Hm
l dmt

]

−
∑
t

∑
l

[
Fmax
l

(
μ
L(r)
lt + μ

U(r)
lt

)]
+
∑
t

∑
k

×
[∑

l

[
(μ

L(r)
lt − μ

U(r)
lt )Hk

l + λ
(r)
t

]
wLB∗

kt + ς
(r)
kt w

UB∗
kt

]

(8)
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Fig. 2. Flowchart of the C&CG procedure.

s.t.

−Mbigbkt ≤
∑
l

(
μ
L(r)
lt − μ

U(r)
lt

)
Hk

l + λ
(r)
t − ς

(r)
kt

≤ 0 ∀k ∀t (9a)

0 ≤ ς
(r)
kt ≤ Mbig(1− bkt) ∀k ∀t (9b)

−α
U(r)
it + α

L(r)
it − ζ

(r)
it + ξ

(r)
it − λ

(r)
t

+
∑
l∈Ω

μ
U(r)
lt Hi

l −
∑
l∈Ω

μ
L(r)
lt Hi

l ≤ cri ∀i ∀t (9c)

−λ
(r)
t +

∑
l∈Ω

μ
U(r)
lt Hn

l −
∑
l∈Ω

μ
L(r)
lt Hm

l ≤ clm ∀m ∀t (9d)

λ
(r)
t −

∑
l∈Ω

μ
U(r)
lt Hn

l +
∑
l∈Ω

μ
L(r)
lt Hk

l ≤ cwk ∀k ∀t. (9e)

Auxiliary constraints (9a) and (9b) are generated during the
linearization process using the big-M method, where Mbig is
sufficiently large. With the auxiliary constraints, we will have

ς
(r)
kt =

⎧⎪⎨
⎪⎩

0
∑
l

[(μ
L(r)
lt − μ

U(r)
lt )Hk

l + λ
(r)
t > 0

>0
∑
l

[(μ
L(r)
lt − μ

U(r)
lt )Hk

l + λ
(r)
t ≤ 0

. (10)

In case ς
(r)
kt is positive, the optimal value for wkt would be

wUB
kt ; otherwise, it would be wLB

kt . Different from the conven-
tional decomposition methods, where the exact values of the
vertices are added to the first stage, here only the position of
effective vertices (bkt) is fed back, while continuous variables
wUB

kt and wLB
kt are optimized with the base-case plan. In the

following, two algorithms based on the C&CG and BD meth-
ods will be discussed to demonstrate how the vertices can be
embedded in the master problem.

B. C&CG Method

Through the C&CG method, the proposed model is decom-
posed into the master problem (2a)–(2h), (5), (11), (12) and the

subproblem (8), (9). The master problem consists of the objec-
tive function (11) with (2a)–(2h), (5) and the embedded cuts
obtained in (12). The solution procedure based on the C&CG
method is summarized in Fig. 2. The master problem is solved
to obtain the optimal solutions P b

it, x
b
it, w

LB
kt , and wUB

kt , which
are passed on to the security subproblem. At each iteration (s),
the MIP subproblem (8), (9) is solved, the optimal value of bskt
is obtained, and the corresponding variables and constraints are
added to the master problem. The iterative procedure stops when
the master solutions are obtained with no security violations.

min
P b,Xb,Pu,WUB,WLB

∑
t

∑
i

cip
b
it + sui u

b
it + sdi v

b
it

+
∑
t

∑
k

sck((1− qkt)wkt) (11)

Pmin
ib xb

it ≤ pujit ≤ Pmax
ib xb

it ∀i ∀t ∀j ≤ s (12a)

pujit − pbit ≤ RUP
i xb

it ∀i ∀t ∀j ≤ s (12b)

pbit − pujit ≤ RDN
i xb

it ∀i ∀t ∀j ≤ s (12c)

−Fmax
l ≤

∑
i∈Λ

Hi
l p

uj
it +

∑
k∈κ

Hk
l

(
b∗jktw

LB
kt + (1− b∗jkt)w

UB
kt

)

−
∑
m∈M

Hm
l dmt) ≤ Fmax

l ∀l ∀t ∀j ≤ s (12d)

∑
i

pujit +
∑
k

b∗jktw
LB
kt + (1− b∗jkt)w

UB
kt

=
∑
m

dmt ∀t ∀j ≤ s. (12e)

C. Modified BD Method

In this section, a novel decomposition algorithm based on the
L-shaped technique is proposed to be utilized in order to accel-
erate the solution procedure of the BD method. The suggested
modified BD algorithm performs an order of magnitude faster
than the conventional BD algorithms. In the conventional BD
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Fig. 3. Flowchart of the proposed modified BD solution method.

algorithms, one cut corresponding to the subproblem solution
is embedded at each iteration to the master problem. The
main idea of the L-shaped technique is to accelerate the BD
algorithm performance by increasing the number of cuts added
to the master problem at each iteration. Since the constraints
in the optimization problem (3a)–(3c), (7) are time-decoupled,
the subproblem (8), (9) is proposed to be decomposed into the
smaller time-decoupled subproblems for individual time inter-
vals, and then to be solved separately. Therefore, at each iteration
and for each smaller subproblem, the corresponding constraint
in (13) is generated and all 24 cuts corresponding to the 24 h
are simultaneously embedded to the master problem. The
procedure proposed for the modified BD algorithm is presented
in Fig. 3.

Qj
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∑
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(wLB
kt − wLB∗j

kt )

(
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j
t +

∑
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(
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×
(
1− b∗jkt

)
−
∑
i

(
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it

)(
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ib αUj

it − Pmin
ib αLj

it

+ RUP
i ζjit +RDN

i ξjit

)
−
∑
i

(
P b
it − P b∗j

it

)(
αUj
it − αLj

it

)

≤ 0 ∀t = 1, . . . , 24 ∀j ≤ s. (13)

V. NUMERICAL CASE STUDY

In order to demonstrate the feasibility and effectiveness of the
proposed frameworks for the quantitative assessment of power

system flexibility, numerical simulations are conducted on the
modified IEEE RTS-96 test system. This test system consists
of 73 buses (substations), 96 generating units, 51 load points,
and 120 transmission lines [25]. The generator data and wind
farm parameters are borrowed from the article presented in [26].
The forecasted uncertainty set for wind power follows αwkt ≤
wkt ≤ βwkt, where α and β are set to 0.8 and 1.2, respectively.
The proposed models are solved using CPLEX 12.1 solver.

A. Adjustable Uncertainty Interval With Operating Reserve

With the forecasted uncertainty set of wind generation (20%
variations) as the input, the proposed RO model is applied to
characterize the largest uncertainty interval that the system can
accommodate. The penalty factors corresponding to the load
curtailment and wind power spillage in an ex-ante manner (due to
a shrunk uncertainty set) are set at 1000$/MWh and 100$/MWh,
respectively. Two approaches, C&CG and the modified BD, are
employed to solve the proposed RO model.

Fig. 4 depicts the upper bounds of the optimal and forecasted
uncertainty sets. Due to the high penalty values lck, the op-
timal and the forecasted lower bounds of the uncertainty set
are equal. However, the optimal upper bound is lower than
the forecasted one at hours 17, 22, and 23, indicating that the
system lacks sufficient capacity to respond to the forecasted
uncertainty set in these hours. This is primarily due to the fact
that the net-load at these hours is observed negative, resulting
in the lower ability of generating units to provide the downward
operating reserve. Thus, the system’s ability to accommodate
any wind power realizations beyond the expected value has
been reduced in these hours. It can also be seen in Fig. 5
that the optimal uncertainty sets (required reserve) character-
ized through the two approaches are very similar, except at
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Fig. 4. Performance comparison of the C&CG and modified BD: Upper bounds of the optimal and the forecasted wind power uncertainty sets.

Fig. 5. Performance comparison of the C&CG with modified BD algorithms: System required reserve.

Fig. 6. Performance comparison of the C&CG with modified BD algorithms: Forecasted downward reserve and provided operating reserve.

hour 22, where the uncertainty interval corresponding to the
modified BD is narrower than that when using the C&CG
method.

The system’s ability to provide operating reserves can be
determined considering the output power of generating units
when no uncertainty in generating units’ capacity and ramping
capabilities as well as in transmission limits are enforced. The
forecasted uncertainty set returns the required operating reserve.
In case the provided reserve is larger than the required reserve,
the grid will remain secure. Fig. 6 shows the provided downward
reserve of generating units and the required downward reserve

realized from the difference between the forecasted upper bound
of the uncertainty set and the expected wind generation. It can be
seen that the required reserve at hours 22 and 23 is higher than
the provided reserve. Hence, the optimal upper bound value is
seen lower than the predefined one and the uncertainty interval
is shrunk so as to decrease the amount of required reserve.

B. Comparison of Adjustable and Fixed Uncertainty Sets

In order to investigate the impact of adjustable uncertainty
set in the two-stage robust SCUC formulation, the benchmarks
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TABLE I
SOLUTION COMPARISON OF ROBUST SCUC MODELS

1US: Uncertainty set.
2LSBD: L-shaped based benders decomposition.

of adjustable [20]–[24] and fixed uncertainty sets [25]–[27] are
compared in Table I. In the fixed uncertainty set benchmark,
wind power curtailment is taken into consideration in both first
and second stages [25]–[27]. In the adjustable uncertainty set
benchmark, it is assumed that the wind power production is fixed
in the first stage—in the Section V-C, we relax this assumption
in the adjustable uncertainty set framework. Additionally, the
performance of two solution techniques, the modified BD and
C&CG, on the economic dispatch (ED), unit commitment (UC),
load shedding (LS), and wind spillage (WS) costs is tabulated.

The superiority of the proposed modified BD and C&CG
methods on security violations and redispatch cost is also
demonstrated for the worst-case uncertainty realization. Since
the convergence speed of the BD algorithm is much slower than
that in the proposed modified BD, only the performance of the
modified BD and C&CG solution techniques is compared. It is
observed that the C&CG approach yields no feasible solution
for the robust SCUC problem with a fixed uncertainty set. This
is because the worst-case flexibility requirement of a predefined
uncertainty set is beyond the flexibility capacity of the system
generating units, and consequently, the grid cannot effectively
deal with the worst-case wind power realization. Utilizing the
suggested C&CG technique, the embedded cuts with no slack
variables at each iteration lead to the modified output power
of system generating units such that the power balance and
transmission line constraints are satisfied even for the worst-case
wind realizations. In other words, new cuts causing security
violations in the worst-case wind scenarios would be avoided.
In the case where the generating units lack sufficient flexibility
capacity, security violation cannot be avoided for the worst-case
wind deviation. Therefore, the C&CG approach yields no feasi-
ble solution. In response, the proposed modified BD algorithm
adds some cuts that change the generation schedules such that
the worst security violation decreases at each iteration until it
converges to a minimum. Even with larger uncertainty intervals,
the modified BD still performs efficiently. As can be observed
from Table I, in the case of fixed uncertainty sets, the modified
BD converges to an optimal schedule with a total violation of

TABLE II
SOLUTION OF ADJUSTABLE PENETRATION RATE TECHNIQUE

1RD: Redispatch.

97.99 MW, which is taken as a measure of flexibility inadequacy.
In case of an insufficient flexibility capacity, the C&CG approach
will have a feasible solution, only if the uncertainty set is taken
into account in the master problem as a variable so that the
uncertainty interval shrinks. Comparing the performance of
the modified BD algorithm in the case of fixed and variable
uncertainty sets, it is observed that a variable uncertainty set
in the master problem yields more economical solutions in all
studied scenarios. Although reducing the uncertainty interval
results in the wind spillage cost in an ex-ante manner, the total
operation cost is lower while the system security is ensured. The
results also revealed the existence of wind spillage rather than
the load shedding mainly due to a higher penalty of the latter.

C. Comparison of Adjustable Uncertainty Set and Adjustable
Stochastic Production

The proposed assessment approach based on two-stage robust
SCUC with adjustable penetration of wind farms was applied to
the test system and the results were numerically compared. The
solution techniques, C&CG and the modified BD, are applied
and the results are outlined in Table II. Comparison of the
results in Tables I and II reveals that although the base-case
operation cost considering the adjustable production is higher
than that using the variable uncertainty approach, the sum of
the base-case and the worst-case (second stage) costs is lower
in the proposed adjustable production approach due to its lower
recourse cost (RD cost). This is due to the fact that in the former,
the wind farms’ production is inactivated to immunize the system
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TABLE III
OPTIMAL WIND GENERATION PENETRATION AT DIFFERENT HOURS

security. As a result, the operation cost in the base-case scenario
has increased due to a lower contribution of wind and the
intensified net-load. On the other hand, the recourse cost in the
proposed approach decreases as the net-load uncertainty and
system flexibility cost decrease.

It is worth mentioning that in the first stage of the proposed
adjustable penetration approach, load shedding cost never hap-
pens. It can also be observed that with penetration variation
when using the C&CG approach, the UC cost is found lower
compared with the UC cost obtained from the variable uncer-
tainty set technique. The reason lies in the fact that reducing
the penetration of wind farms will decrease the variability in
the net-load. Another observation from Tables I and II is that
in both the adjustable uncertainty set and adjustable penetration
techniques, the second-stage economic dispatch (ED) cost (RD
cost), when the modified BD approach is applied, is observed
lower than that when the C&CG method is approached. The
reason is that the first-stage wind spillage in the former is higher,
which leads to a narrower uncertainty interval.

Table III presents the optimal utilization percentage of the
expected wind generation (i.e., the optimal penetration). It can
be observed that at hours 17, 18, 22, and 23, the total penetration
of wind farms is less than 100% and wind curtailment occurs
consequently. With the higher uncertainty intervals at hours
17 and 18 due to higher wind generation, the wind power
penetration is obtained lower than 100% in order to shrink the
uncertainty interval such that the system can have the ability to
effectively react to the uncertainty. Lower penetration at hours
22 and 23 is due to the fact that the net-load at these hours is at
the minimum. Consequently, the generating units are dispatched
at lower power outputs and their downward ramping abilities
decreased. Thus, with the reduction in wind penetration, the
net-load has increased. Accordingly, the ability of generating
units downward ramping will increase.

D. Additional Analyses

For further comparison of the proposed model versus the state-
of-the-art benchmark models, we explore the performance of
the proposed model using an after-the-fact analysis. To do so,
for each wind farm, 1000 wind trajectories each including the
production of that farm over 24 h are generated with respect
to the uncertainty boundaries. We assume that the uncertainty
follows a uniform distribution. Considering the commitment and
dispatch of generating units achieved in the first stage of the
robust UC model, real-time dispatch simulation is carried out
with the generated wind power trajectories. Table IV depicts the
promising after-the-fact performance of the proposed adjustable
uncertainty set model compared with the fixed uncertainty set
benchmark in terms of mean, standard deviation, and CVaR (5%)
of the redispatch cost. Additionally, for further comparison of

TABLE IV
AFTER-THE-FACT RESULTS: THE REDISPATCH COST IN TERMS OF MEAN,

STANDARD DEVIATION, AND CVAR (5%)

TABLE V
AFTER-THE-FACT RESULTS: THE REDISPATCH COST FOR DIFFERENT

SCENARIOS OF LOAD LEVEL

the proposed model versus the fixed uncertainty set benchmark,
we consider three scenarios representing multiple days. Under
these three scenarios, the load level is assumed to be 0.9, 1,
and 1.1 × of the load level given in [29] with the same profile
pattern. Table V depicts a stronger after-the-fact performance of
the proposed model.

VI. CONCLUSION

In this article, a novel mathematical model centered on the
adjustable production of stochastic producers was presented
to assess the power grid operational flexibility. The suggested
approach enabled the assessment of the worst recourse cost
under various uncertainty scenarios, through which the effect of
uncertainty cost of stochastic producers can be modeled in the
flexibility assessments. In order to evaluate the economically
optimal stochastic production, the penetration of stochastic pro-
ducers was adjusted using an RO approach to make a balance
between the UC and dispatch cost in the base-case scenario and
the recourse cost in the worst-case realizations. The efficiency
of the proposed approach was compared with the other state-
of-the-art adjustable and fixed uncertainty set techniques. It was
concluded that the proposed technique outperformed the conven-
tional methods from both technical and economical perspectives.
This article also suggested a modified BD algorithm based on
the L-shaped technique to deal with high computational burdens
and feasibility challenges associated with the conventional BD
and C&CG algorithms. The proposed modified BD method out-
performed the C&CG approach in cases where the uncertainty
set was fixed and the redispatch flexibility was not sufficient.
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The performance of the proposed assessment techniques was
numerically investigated and verified.
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